An alytic al a p p r o a c h fo r e n t r o py g e n e r a tio n a n d h e a t t r a n sf e r in C NT-n a n ofl ui d dy n a mi c s t h r o u g h a cili a t e d p o r o u s m e di u m
INTRODUCTION
In recent decades, nanofluids have been receiving extensive attention in science, engineering, medicine (targeted drug delivery) and industry owing to their enhanced thermal conductivity and heat transfer characteristics which contribute to their improved performance in for example heat exchangers, cooling devices, solar collectors and pharmacological treatments. Nanofluids are fabricated by dispersing of nanoparticles (Al2O3, CuO, TiO2, CNT etc.) in base fluids, such as water, ethylene glycol, and oil etc. Some investigators [1] [2] [3] have considered carbon nanotubes (CNT) in synthesizing the nanofluids due to its high thermal conductivity in comparison to other nanoparticles. Carbon nanotubes (CNTs) are an allotrope of carbon. They take the form of cylindrical carbon molecules and have novel properties that make them potentially useful in a wide variety of applications in nanotechnology, electronics, optics and 2 other fields of materials science.
CNTs are implemented in various geometrical configurations e.g. as single-wall CNT, double-wall CNT and multi-wall CNT. Xie and Chen [4] have reviewed progress in preparation techniques and also experimental and theoretical studies relating to heat transfer characteristics of CNT nanofluids and concluded that thermal conductivity of CNTs, interfacial thermal resistance between the CNT and the matrix, and dispersion status of the CNTs in the base fluid have significant effects on the thermal transport in CNT nanofluids due to the complex morphologies and surface chemistry of the suspended CNTs. Another review on CNT nanofluids has been presented by Murshed and Castro [5] , wherein it was concluded that nanofluids containing MWCNTs are found to exhibit higher conductivity and heat capacity compared to base ionic liquids. Recently, much attention has been focused on the study of CNT nanofluids: representative investigations in this regard include the works of Halelfadl et al. [6] , Saida et al. [7] , Hordy et al. [8] , Yadav et al. [9] , Walvekara et al. [10] , Xing et al. [11] and Jiang et al. [12] . These articles have elaborated upon the efficiency, stability and thermo-physical properties of CNTs. In parallel with the above developments, significant interest has also grown in engineering designs inspired by nature i.e. biomimetics and bionics. One very intriguing example in this area is the use of 'artificial cilia' to create pumping and/or mixing in microfluidic devices. A very interesting review has been done by Toonder and Onck [13] in which it has been highlighted that cilia may be implemented successfully in (fluid) actuation and sensing operations. Microscopic actuators resembling cilia have been shown to be actuated to move under the influence of various stimuli such as electrostatic field, magnetic field, and even light and mixing in microfluidic environments. Artificial cilia are also applicable in engineering lab-on-a chip devices and compliant surface control designs in aeronautics and hydronautics. Blake [14] ) presented a model for the micro-structure in ciliated organisms and observed that cilia propel a relatively larger volume of fluid during the effective stroke when compared with the recovery stroke, and therefore create a net fluid transport in the direction of the effective stroke. Khaderi et al. [15] investigated the breaking of symmetry in microfluidic propulsion driven by artificial cilia, Khaderi et al. [16] reported on numerical simulations of microfluidic propulsion by the metachronal beating of magnetic artificial cilia. Khaderi and Onck [17] extended their earlier work to consider fluid-structure-interaction (FSI) effects in three-dimensional magnetic artificial cilia dynamics. The above studies were confined to purely hydrodynamic aspects. In many recent developments, engineers have also explored heat and mass diffusion in biomimetic systems. With the presence of heat transfer, entropy generation minimization becomes a major consideration since it is intimately associated with the maximum achievable thermal efficiency of a system and therefore thermodynamic optimization. The break-through work in this area was conducted by Bejan [18] , who considered entropy generation in convective heat transfer for different flow configurations: pipe flow, boundary layer over flat plate, single cylinder in cross-flow and flow in the entrance region of a flat rectangular duct. He derived a non-dimensional number (now termed the Bejan Number) which is the ratio of the entropy generation due to the heat transfer to the total entropy generation. Bejan [19] further extended his study to counter flow heat exchangers for gas-gas applications in chemical and mechanical power generation. Bejan [20] also introduced the new thermodynamics of finite-size devices and finite-time processes for minimizing entropy generation, an area which is now usually termed second law thermodynamic analysis. AbuHijleh et al. [21] presented a numerical analys is on entropy generation in free convection external to a horizontal pipe. Baytas [22] incorporated the Darcy's law in his study and discussed the entropy generation for natural convection in an inclined porous medium cavity. Makinde and Bég [23] investigated analytically with Hermite-Pade expansions, the influence of chemical reaction on magnetohemodynamic blood flow with entropy generation. Rashidi et al. [23] used a genetic algorithm and neural dynamics to assess the relative performance via entropy generation minimization of trans-critical biomimetic thermodynamic cycles. Rashidi et al. further [24] explored thermodynamic optimization and entropy generation minimization in Joule-Thomson cycles of relevance to spacecraft propulsion systems. Bég et al. [24] used a differential transform method to compute the propulsion efficiency of swirling magnetic disk nuclear engines, evaluating in detail the effect of Bejan number and entropy generation minimization via second law methods. Rashidi et al. [27] have analysed entropy generation minimization in magnetized blood flow with wall mass flux effects as a simulation of entropy generation in capillary transport. Further studies deploying entropy generation methods include Oztop et al. [28] (for convection in ducts), Dagtekin et al. [29] (for heat transfer in ducts with longitudinal fins), Dagtekin et al. [30] (for free convection in gamma-shaped enclosures), Basak et al. [31] (for heat transfer in a trapezoidal cavity), Guelpa et al. [32] (for latent thermal energy harnessing) and Anand [33] (for nonNewtonian slip flow and heat transfer in microchannels). Akbar [34] recently studied entropy generation in heat transfer and peristaltic magnetohydrodynamic flow. Ellahi et al. [35] considered entropy generation in copper-water nanofluid heat transfer. Further studies include Ellahi et al. [36] , Akbar et al. [37] , Ellahi et al. [38] and Sheikholeslami et al. [39] , these articles addressing different types of nano-particles and different body force effects. Nadeem and Sadaf. [40] present theoretical analysis of Cu-blood nanofluid for metachronal wave of cilia motion in a curved channel. In the afore-mentioned works, thusfar no consideration of the collective effects of CNTnanofluids, entropy generation and cilia motion, has been made. This constitutes an important problem which has substantial potential applications in thermodynamic and hydromechanical optimization of nano-/micro-fluidic devices exploiting artificial cilia. This is the focus of the present work wherein we develop a mathematical model to study the entropy generation, heat and mass transfer and metachronal wave propulsion due to beating cilia.applicable), References, and Appendices (where applicable) follow the Conclusions.
NANOFLUID FLOW DRIVEN BY CILIA BEATING
We consider heat transfer in incompressible Newtonian CNT-nanofluid flow through a circular tube containing an isotropic, homogenous and sparsely-packed porous medium. Wall s lip is present. Entropy generation is also present. The inner surface of the circular tube is flexible and ciliated with Metachronal waves and the flow occurs due to collective beating of cilia. We represent the geometry of the problem in a cylindrical coordinate system   , RZ as depicted in Fig.1 . In this study, we adopt the well-known envelope approach [14] [15] [16] [17] where the ciliary tips are assumed to move in elliptical paths, e.g.,
where a denotes the radius of tube,  is a measure of the cilia length,  and c stand for wavelength and wave speed of the metachronal wave,  is a measure of the eccentricity of the elliptical motion and 0 Z is some reference position of the wall particles.
If the no slip condition is applied, then the velocities of the transporting fluid are just those caused by the cilia tips, which can be formulated as [14] [15] [16] [17] where W and U be the axial and the radial velocities of the cilia respectively. The transformations between the laboratory and wave frames which facilitate a solution of the moving boundary value problem are:
where P is pressure. In the moving coordinates system   ,, RZ the flow between the two tubes is unsteady; it becomes steady in a fixed frame   , rz moving with the same speed as the wave moves in the Z -direction.
GOVERNI NG EQUATIONS AND ANALYTIC

SOLUTIONS
The governing equations for incompressible CNTnanofluid flow through a homogenous, isotropic, nondeformable, sparsely packed (high permeability) porous medium in the absence of gravity force (gravity effects vanish for a horizontal tube) may be posed as follows: 
.
where r and z are the radial and axial coordinates, u and w are the velocity components in the r and z directions respectively, K is permeability of the porous medium, T is the local temperature of the fluid and  is the viscous dissipation term. Further, 
where, I 0 and I 1 are modified Bessel functions of the first kind of zero and first order, respectively, and The relationship between volumetric flow rate in both frames of reference (moving and fixed) is expressed as:
Using Eqns. (18 & 21) , the pressure gradient is obtained as:
The pressure difference across one wavelength is further defined as:
ENTROPY GENERATION
The viscous dissipation term (  ) -see for example
refs. [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] -is defined as:
Volumetric entropy generation is given by:
Entropy generation in non-dimensional form is given as: 
The Bejan number is clearly a function of the Brinkman number (Br). As Br increases, the entropy generation due to fluid friction irreversibility increases in the system. Irreversibility mechanism domination is an important aspect of entropy generation analysis but the volumetric entropy generation does not provide any information regarding this. The Bejan number (Be) has been introduced in modern second law thermodynamic analys is to overcome this shortcoming. The Bejan number (Be) embodies the ratio of entropy generation which is caused through heat transfer to the total entropy generation.
NUMERICAL RESULTS AND DISCUSSION
In this section, the graphical explanation of the analytical expressions for velocity, temperature, pressure gradient, pressure rise, entropy generation, Bejan number and stream lines is expressed with respect to certain changes in the physical parameters through illustrations (Figs.2-11) . A comparative study for pure water and SWNT-water is also depicted through the numerical results. Figs. 2(a &b) represent the changes in the fluid axial velocity profiles with respect to slip parameter ( 1 a ) and Darcy number ( 1 D ). It is observed that velocity is directly proportional to both the physical parameters. As slip parameter increases the adherence of the fluid to the tube walls decreases. This leads to acceleration in axial flow. With greater Darcy number, the Darcian porous drag force (i.e. bulk drug effect due to porous media solid fibers) is reduced. Larger Darcy numbers correspond to a greater permeability in the porous medium which implies a lesser concentration of solid fibers. The increase in permeability aids percolation of fluid and this manifests in axial flow acceleration i.e. a rise in the magnitude of axial velocity. In both Figs. 2a, the axial velocity, w(r), attains its maximum values at the center of the tube and decreases near the boundary of the tube. We also note that the change in the velocity profile with respect to is greater as 6 compared to 1 D .This demonstrates that hydrodynamic wall slip exerts a greater influence than porous medium permeability on the axial flow. It is further revealed that the variation in velocity profile for SWCNT-nanofluids is more than pure water at fixed values of other parameters. Figs.3 (a & b) illustrate the evolution of pressure gradient with axial tube length. It is evident that pressure gradient is directly proportional to eccentricity of the elliptical motion (  ) whereas it is inversely proportional to flow rate ( Q ). It is also revealed that the variation in pressure gradient profile with respect to ( Q ) is greater as compared to ( ).In all cases, the maximum pressure gradient arises at the center of tube length ( 0.5 z  ).The flow is therefore strongest in the core region of the tube. Pressure gradient is less for SWCNT-nanofluids in comparison with only the base fluid. Figs. 4 (a-c) depict the variation of pressure rise against the flow rate for the effects of slip parameter ( 1 a ), Darcy number ( 1 D ) and eccentricity of the elliptical motion (  ).It is apparent that pressure rise magnitudes for pure water exceed those of SWCNT nanofluids. Fig.4(a) shows that pressure rise diminishes with increasing magnitude of slip parameter, which is physically logical since flow acceleration occurs with greater slip and this reduces pressure rise. Brinkman number essentially embodies the ratio of direct heat conduction from the wall surface to the viscous heat generated by shear in the boundary layer. It is distinct from Eckert number which symbolizes the kinetic energy of flow to the boundary layer enthalpy difference. Brinkman number is in fact more appropriate for low speed, viscous-dominated flows, as considered in the present case, whereas Eckert number often arises in high speed aerodynamic flows. Both parameters are quantifications of viscous dissipation effects. It can be seen that temperature is directly proportional in both cases to Br and D 1 . Greater Brinkman number implies greater thermal energy conversion from mechanical energy, which inevitably elevates temperatures i.e. heats the regime. With greater Darcy number, permeability is increased which reduces the presence of solid fibers. This reduces thermal conduction heat transfer in the regime but elevates thermal convection heat transfer and the latter results in an elevation of temperatures. Similar results for both Brinkman and Darcy number effects have been reported in many other studies including Baytas [22] and Basak et al. [31] . The rate of temperature change in the case of SWCNT-nanofluids is observed to be very fast in comparison with pure water. The temperature is maximized at the center of the tube and it starts decreasing towards the boundary walls. It is further noted that attains its maximum value at the walls and minimum value at the center of the tube. Another interesting observation is that the change in for the case SWCNT-nanofluids with changes in is slightly different from pure water; however a much greater deviation is observed between SWCNTnanofluids and pure water with a change in Brinkman number rather than a change in Darcy number. A very interesting pumping phenomenon, termed trapping is also of relevance in deformable wall flows This is defined as the process of circulation of stream However when we compare the size of boluses for pure water and SWCNT-nanofluids, the trapped bolus is smaller in size for pure water than that of SWCNTnanofluids. The presence of SWCNT nanofluids therefore enhances the bolus magnitude. The effects of slip parameter on streamlines for pure water and SWCNT-nanofluids are illustrated in Figs.10 (a-b) and Figs.11(a-b) for pure water and SWCNT-nanofluids, respectively. Inspection of these figures shows that with increasing value of slip parameter, the trapped bolus inside the streamlines is enhanced in size while the number of bolus reduces in both cases (pure water and SWCNT-nanofluids).
CONCLUSIONS
A mathematical model has been developed to simulate the effects of pertinent physical parameters on entropy generation and heat transfer of CNT nanofluid flow driven by metachronal wave generated by beating cilia in a tube containing porous medium with hydrodynamic slip. Based on analytical solutions to the transformed boundary value problem, the present computations have shown that: 1. Velocity field is enhanced with increasing magnitude of slip parameter and Darcy number (porous medium permeability parameter) and is greater for SWCNTnanofluids compared with pure water. 2. Pressure gradient is an increasing function of eccentricity of the cilia elliptical motion whereas it is a decreasing function of flow rate. 3. Temperature is elevated with increasing magnitude of Brinkman number (viscous dissipation parameter) and Darcy number. Furthermore, the temperature is higher for SWCNT nanofluids relative to pure water (base fluid). 4. Entropy generation is enhanced with rising values of both Brinkman number and Darcy number and is greater for SWCNT nanofluids. 5. Bejan number follows a parabolic distribution with radial coordinate and is enhanced both with increasing Brinkman number and Darcy number. 6. Bejan number is of higher magnitude for SWCNT-nanofluids as compared to pure water. 7. The size of trapped bolus expands with increasing value of slip parameter whereas it contracts with increasing Darcy number. 8. The size of the trapped bolus for pure water is smaller than that of the SWCNT-nanofluids. The present simulations have neglected magnetic field effects i.e. electrically-conducting properties of magnetic nanofluids [37, 39] which are of some significance in medical engineering applications. These offer an interesting area for future investigations.
